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Negative, or latent, dimensions have always attracted a strong interest since their discovery. When 
randomness is introduced in multifractals, the sample-to-sample fluctuations of multifractal spectra 
emerge inevitably, which has motivated various studies in this field. In this work, we study a class of 
multinomial measures and argue the asymptotic behaviors of the multifractal function ( )f α  as 
q →±∞ . The so-called latent dimensions condition (LDC) is presented which states that latent 
dimensions may be absent in discrete random multinomial measures. In order to clarify the discovery, 
several examples are illustrated. 
1 Introduction 
Multifractal analysis [24,29,25,23,28] has been used as a very useful 
technique in the analysis of singular measures, which gives rise to many 
scientific fields, both in natural aspects and social facets, say, the fully 
developed turbulence [35,3,49,44,22,5,7,34], diffusion-limited 
aggregations [41,33,6,52,4] and chaotic dynamical systems [27,26]. 
Generally, there are two classes of multifractal measures: one is 
deterministic self-similar, and the other is statistically self-similar [19,1] 
upon which most attentions have focused in the latest decade. It is clear that, 
most of the physical processes are random, which has led to the 
sample-to-sample fluctuations of the multifractal function by an amount 
greater than the error bars on any one sample would indicate [16] and, in 
general, the negative dimensions arise in random multifractals. 
The randomness of multifractals at least arises in two situations where 
negative dimensions may emerge. First, one may obtain a multifractal 
constructed by a multiplicative cascade that is inherently probabilistic and 
the negative dimensions, if exist, describe the rarely occurring events. 
Second, one may have to investigate the experiment in a probabilistic view. 
For instance, one-dimensional cuts of a deterministic measure carried by a 
deterministic Sierpinski sponge will inevitably introduce randomness and 
may be regarded as random samples of a population. Also, when one 
performs measurements upon the turbulence with dual PDA [55] or 
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hot-wire anemometry [44], one-dimensional cuts are obtained, while 
two-dimensional cuts are obtained to describe the scalar fields when CCD 
and LIF technique are utilized [53,49,51]. Such measurements unavoidably 
introduce randomness. In such systems, negative dimensions often appear 
and are used to characterize the sample-to-sample fluctuation of multifractal 
spectrum. 
The physical meaning of negative dimensions was discussed foremostly 
by Cates and Witten [10]. However, it was Mandelbrot who recognized the 
essential importance of negative dimensions for both physical phenomena 
and mathematical realizations and then studied them systematically based 
on turbulence and multinomial measures [36,37,38,39,40]. Then, Evertsz 
and Mandelbrot applied Chernoff’s theorem [17] on large deviations to 
computer the tail distribution of the coarse Hölder exponent of a randomly 
picked interval of the multinomial measure of finite discrete multipliers [18] 
and pointed out that more general Cramèr type large deviation theorems 
provide a full justification of the so-called thermodynamic formalism of 
multifractals based on the Legendre transforms [18,22]. Also, with a simple 
but cogitative analytical example, Chhabra and Sreenivasan [15] tried to 
propose a theory of negative dimensions. It is natural that different methods 
have been developed to extract the ( )f α  function, such as the method of 
moments [28,26], histograms method [43], method of supersampling [38], 
canonical method [13,14], multiplier method [15,16,29,30], and gliding box 
method [12]. 
However, these points are intuitive heuristic interpretations rather than 
mathematical descriptions. It is well known that multifractal formalism 
involves decomposition fractal measure into interwoven fractal sets each of 
which is characterized by its singularity strength [11,8,45]. When 
concerning with statistically self-similar measures, Falconer [19] proved 
that there is an open interval ( )min max,A α α=  such that, for all Aα ∈ , ( )dim F fα α=  with probability one if ( ) 0f α ≥ . We postpone the 
introduction of the rigorous definitions of notions. Although he said nothing 
in his theorem about the situation when ( ) 0f α < , he gave an example where 
negative dimensions do appear. In a more recent work, Barral [2] improved 
the previous result and claimed that, with probability one, for all Aα ∈ , 
( )dim F fα α= . Moreover, Olsen [48] has made rigorous some aspects of 
Mandelbrot’s intuition that negative dimensions may be explained 
geometrically by considering cuts of higher dimensional multifractals. The 
multifractal slice theorem [46,47,48,49] presents a mathematical 
interpretation of negative dimensions and is the basis of experimental 
measurement of lower dimensional cuts when the ensemble measurement is 
difficult to be carried out [49,44,55,53]. These works are the basis of 
discussing negative dimensions in this paper. 
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2 Random multinomial measure 
We define a construction rule matrix CRM by 
 
(1,1) (1, ) (1,1) (1, ) (1)
( ,1) ( , ) ( ,1) ( , ) ( )
r r b m m b p
r n r n b m n m n b p n
 
 
=  
 
 
CMR
 
    
 
 (1) 
Then each division at certain generation for each sample of the assemble 
measures corresponds to a row of CRM. Based on Falconer's result [19], we 
find that, an alternative matrix of the construction rules validates: 
 
( )
( )
( )
1 1
1 1
1 1
nbi b j
nbi b j
nbi b j
m m m
r r r
p p p
− +
− +
− +
 
  
=  
 
  
CRM
 
 
 
 (2) 
Here ( 1) ( , )i b jm m i j− + = , ( 1) ( , )i b jr r i j− + =  and ( 1) ( )i b jp p i− + = . Note that 1
nb
ii p b= =∑ . 
Moreover, if there are i  and j  satisfying i jm m=  and i jr r=  then we can 
withdraw the j th column of CRM and replace ip  with i jp p+ . Thus 
performing this procedure simplifies the construction rule matrix to a 3 N×  
matrix with N nb≤ . 
Let ( )qτ  be the root to the equation ( ) 1, 1N qi i iq p m rττΓ = =∑ .Since 
( ) 0qτ ′ >  and ( ) 0q τ′ > , for fixed q , there is a unique root ( )qτ . We denote, 
for future use, that 
 ( ) qi i iw q m rτ= . (3) 
Hence, 
 ( )
1
1
N
i i
i
p w q
=
=∑ . (4) 
Define a function ( )f α , which is related to the moment exponent ( )qτ  by 
Legendre transform and inverse Legendre transform 
 ( )qα τ ′=  and ( )( )f q qα α τ= − . (5) 
It is now known [2] that the Hausdorff dimension dim αF  of αF  is identical 
to ( )f α  with probability one for all { } { }( )min ln ln ,max ln lni i i ii im r m rα ∈ .  
A latent dimension refers to ( ) 0f α <  but 0α >  and characterizes the 
emptiness of the corresponding set α = ΦF . A more desirable definition of 
negative dimensions might be to say that a random self-similar measure has 
negative dimensions if the Legendre transform of ( )qτ  has negative values, 
and that this definition of negative dimensions is only possible for 
self-similar measures, and there is no obvious way to define the notion of 
negative dimensions for an arbitrary measure. 
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3 Asymptotic behaviors 
Let { }1,2, , NI =  be the set of column indexes of CRM and M  be the 
union of M  and M , where 
 { }{ }: ln ln max ln lni i i ij IM i I m r m r∈= ∈ =  (6) 
and 
 { }{ }: ln ln min ln lni i i ij IM i I m r m r∈= ∈ = . (7) 
From the previous subsection, we have 
 ( ) ( ) ( )
1 1
ln ln
N N
i i i i i i
i i
q p w q m p w q rα
= =
=∑ ∑ . (8) 
Hence, 
 [ ]( ) ln ln ( ) ( ) lni i i i iw q m r q w q rα′ = − . (9) 
It is well known, in non-trivial case of random multifractal formalism, that 
 ( ) 0qα′ < , (10) 
 ( )lim ln lni iq q m rα→∞ =  (11) 
for i M∈ , and 
 ( )lim ln lni iq q m rα→−∞ =  (12) 
for i M∈ . Therefore, according to Eq.(9), we find for i M∈  
 ( ) 0iw q′ <  (13) 
and for i M∈  
 ( ) 0iw q′ > . (14) 
In addition, we find for all i I M∈ −  that there is a unique stagnation point 
stagq  of ( )iw q  and that 
 ( ) 0iw q′ >  if stagq q<  (15) 
and 
 ( ) 0iw q′ <  if stagq q> . (16) 
Since ( )iw q is bounded for all i I∈ , the limits ( )lim iq w q→±∞  exist and are finite, 
which we denote as ( )iw ±∞  hereafter. Moreover, ( )iw −∞  for i M∈  and 
( )iw ∞  for i M∈  are positive. By taking limit q → −∞  of identity 
 ( ) ( ) ( )ln ln ln ln ln ln ln lni j j i i j j ir w q q m r m r r w q= − +  (17) 
and using 
 ln ln ln ln 0j i i jm r m r− ≠  (18) 
for i M∈  and j I - M∈ , it is easy to see that 
 ( ) 0j Mw ∉ −∞ =  (19) 
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Similarly, 
 ( ) 0j Mw ∉ ∞ = . (20) 
If we write 
 ln lnij i jm mφ = , (21) 
then for i, j M∈  or i, j M∈  
 ( ) ( ) iji jw q w q φ =   . (22) 
One finds immediately that for arbitrary j M∈  there is a unique solution 
( )jw −∞  to equation 
 ( ) 1iji j
i M
p w
φ
∈
 −∞ = ∑  (23) 
and that for arbitrary j M∈  there exists a unique solution ( )jw ∞  to equation 
 ( ) 1iji j
i M
p w
φ
∈
 −∞ = ∑ . (24) 
Therefore, it follows that for i M∈  
 [ ] ( )lim ( ) ln lni iq f q w rα→−∞ = −∞  (25) 
and that for i M∈  
 [ ] ( )lim ( ) ln lni iq f q w rα→∞ = ∞ . (26) 
4 Discussion and illustrations 
4.1 Latent Dimensions Condition 
Consider function ( ) 1 1kK zkkh w p w== −∑  where 0 1kp< <  and 0kz > . Let us 
now investigate the solution nature of ( ) 0h w = . Since ( ) 0h w′ > , ( )0 0h <  
and ( ) 0h w >  for certain 0w >  satisfying 1kzkp w >  for any k , it follows from 
the intermediate value theorem that the solution w  to ( ) 0h w =  exists 
uniquely.If 1 1
K
kk p= >∑ , then ( )1 0h >  and hence 0 1w< < . If 1 1K kk p= =∑ , then 
1w = . If 1 1
K
kk p= <∑ , then ( )1 0h <  and hence 1w > . These three cases lead to 
three types of asymptotic behaviors at the either endpoints of the 
multifractal spectrum. 
At the right endpoint of the ( )f α  curve, there exist three situations 
according to Eq.(25). If 1i M ip∈ >∑ , then ( )0 1iw< −∞ <  for all i M∈  and 
hence ( )lim 0
q
f qα
→−∞
>   . If 1ki M ip∈ =∑ , then ( ) 1iw −∞ =  for all i M∈  and 
hence ( )lim 0
q
f qα
→−∞
=   . If 1i M ip∈ <∑ , then ( ) 1iw −∞ >  for all i M∈  and 
hence ( )lim 0
q
f qα
→−∞
<   . Similarly, at the left endpoint of the ( )f α  curve, 
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there are three situations according to Eq.(26). If 1i M ip∈ >∑ , then ( )0 1iw< ∞ <  for all i M∈  and hence ( )lim 0q f qα→∞ >   . If 1i M ip∈ =∑ , then ( ) 1iw ∞ =  for all i M∈  and hence ( )lim 0q f qα→∞ =   . If 1i M ip∈ <∑ , then ( ) 1iw ∞ >  for all i M∈  and hence ( )lim 0q f qα→∞ <   . 
Since ( ) 0f α′′ <  for non-trivial random multifractals, that is, the ( )f α  
curve is somewhat ∩ -shaped, latent dimensions exist if and only if 
1i M ip∈ <∑  or 1i M ip∈ <∑ , which may be called the Latent Dimensions 
Condition (LDC).  
4.2 Crossover from random to determinstic Model Behavior 
Consider now a class of random multinomial measures [15] whose CRM 
are represented in the form of Eq.(1) satisfying 
 ( ) ( )( ){ } ( ) ( )( ){ }, , , : 1, 2, , , , , : 1, 2, ,r i k m i k k b r j k m j k k b= = =   (27) 
for all 1 ,i j n≤ ≤ . Hence 1kp =  for 1 k b≤ ≤  in the transformed CRM. This 
leads to an identical multifractal function just as in the case of deterministic 
multifractals. To clarify this point, let us investigate a very simple example. 
Consider ( )0,0.5m∈ . Construct the multinomial measure by subdividing in 
the usual binary splitting procedure of cascade, assigning mass m  to the left 
half subinterval and 1 m−  to the right one with probability p , and mass m  to 
the right and 1 m−  to the left with probability 1 p− . Then, al realizations 
have the same singularity spectrum, i.e., the spectrum of the deterministic 
multifractal corresponding to assigning always mass m  to the left. This 
spectrum has only positive values. The parameter p  can be chosen to be any 
number in ( )0,1 . Note that this multifractal is a special case of the class 
considered. The crossover from to deterministic in this example is based on 
the same essence leading to the transform from Eq.(1) to Eq.(2). From this 
trivial example, one may finds again that the multifractal description is 
degenerate at many levels with respect to the physics that generates such 
measures [20,21]. Hence, two-point statistics of multifractal measures is 
necessary [9,42,32], rather than one-point statistics. 
4.3 Falconer's example and Mandelbrot’s “trio” multifractals 
Consider the example in Ref. [19]. One may find that ( ) ( )1 7 4w w−∞ = ∞ = , 
( ) 2f α −∞ = −    and ( ) 1f α ∞ = −   . It is easy to see that 1 1p <  and 7 1p < . 
These results are consistent to the ones via explicit expression of ( )qτ . In 
addition, Falconer presented two special point of critq  with 
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 ( )crit 0f qα =    (28) 
For unsolvable cases, one has to compute critq  numerically. The solution 
property of Eq.(28) corresponds to the three situations argued before. The 
situations of the right part of multifractal function are listed in Table 1. 
Although Falconer’s theorem doesn’t concern with negative ( )f α , he 
nevertheless presented intuitive results about negative dimensions and 
argued the interval such that ( ) 0f α ≥ . Similarly, Mandelbrot [39] proposed 
a class of random multinomial measures that he called “trio” multifractals 
and interpret negative dimensions in the term of large deviation theorem. 
One can readily find that ( ) ( )1 3 4w w−∞ = ∞ =  and ( )( ) 2f α ±∞ = − . 
Table 1. Three situations of the right part of the ( )f α  curve 
Case I ( ) 0f α −∞ >    ( ) 1iw −∞ <  1i M ip∈ >∑  critq  not exists 
Case II ( ) 0f α −∞ =    ( ) 1iw −∞ =  1i M ip∈ =∑  critq = −∞  
Case III ( ) 0f α −∞ <    ( ) 1iw −∞ >  1i M ip∈ <∑  crit 0q−∞ < <  
4.4 An ''anomalous'' random multifractal 
We present an artificial example, which seems anomalous to the usual 
random multifractals. The construction rule matrix is given by 
1 16 1 32 1 2 3 16 1 2 5 16 1 4
2 4 243 1024 2 4 1 8 3 4 1 8 1 2
1 1024 1 4 1 2 1 4 1 2 1 4 1 4
 
 
=  
 
 
CRM                       (29) 
It is easy to see that { }4,8M =  and { }2,5,6M = . According to Sec. 3, one finds 
that ( )4 0.7869w −∞ = , ( )8 0.8523w −∞ = , and ( ) 1iw ∞ =  for i M∈ . Hence, we 
have ( )( ) 0.2305f α −∞ =  from Eq. (25) and ( )( ) 0f α ∞ =  from Eq. (26). 
To illustrate the behavior of each element ( )iw q  of MEGF, we evaluate 
( )qτ  numerically according to Eq.(4) and hence ( )iw q  according to Eq.(3). 
The plots of ( )iw q  with 2,5,6i = , 4,8i =  and 1,3,7i =  are shown respectively 
in Fig. 1a, 1b and 1c, which verify the monotonicity and asymptotic 
behaviors of ( )iw q  argued in Sec. 3. In addition, ( )qα  are calculated by 
using forward difference scheme. Then one obtains ( )f α  via simple 
algebraic manipulations. The graph of the multifractal spectrum is 
illustrated in Fig. 1d, which is tangent with the diagonal of the first quadrant 
( )f α α= . This feature implies that the random measure is conservative. The 
fractal dimension fD  of the random Cantor support is 0.8062 where 0q = . 
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The range of the strength of singularity is from 0.2 to 2, while the 
multifractal function takes values between 0 and 0.8062. We find that the 
multifractal function ( )f α  is nonnegative for every ( )min max,α α α∈ . 
-30 -20 -10 0 10 20 30
0
0.2
0.4
0.6
0.8
1
i = 6
i = 5
i = 2
q
()
iw
q
(a)
  
-30 -20 -10 0 10 20 30
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
i = 8
i = 4
q
()
iw
q
(b)
 
-30 -20 -10 0 10 20 30
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
i = 7
i = 3
i = 1
q
() iw
q
(c)
  
0 0.5 1 1.5 2 2.5
0
0.2
0.4
0.6
0.8
1
1
q
=
( )0.2,0
( )2,0.2305
()fα
α
( )1.2695,0.8062
(d)
 
Fig.1 An illustration: (a) Dependence of ( )iw q  upon q  for i M∈ ,  (b) Dependence of ( )iw q  upon q  for 
i M∈  and (c) Dependence of ( )iw q  upon q  for i I M∈ − . Graph (d) is the multifractal spectrum. The 
range of the strength of singularity is from 0.2 to 2, while the multifractal function takes values between 0 and 
0.8062. That is, the multifractal function is nonnegative. 
5 Conclusions 
Latent dimensions appear usually in random multifractals in both physical 
systems and mathematical realizations. We studied a class of random 
multinomial measures and find it is possible that the ( )f α  function may be 
always non-negative under proper conditions. We have argued the 
asymptotic behaviors of the multifractal function ( )f α  as q →∞ . The 
so-called latent dimensions condition is presented which states that latent 
dimensions emerge if and only if the sum of certain probability is less than 
unity and so negative ( )f α  may be absent in random multifractal measures. 
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We investigate several examples in the viewpoint of partition equation and 
compare the numerical result of simulated realizations with the theory. The 
agreement is remarkable. It is expected to verify our arguments in real 
physical systems containing multinomial measures, say, the distribution of 
voltage drops in a random hierarchical network of resistors [54]. 
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